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ABSTRACT: We construct solutions to five dimensional minimal supergravity using an
Atiyah-Hitchin base space. In examining the structure of solutions we show that they
generically contain a singularity either on the Atiyah-Hitchin bolt or at larger radius where
there is a singular solitonic boundary. However for most points in parameter space the
solution exhibits a velocity of light surface (analogous to what appears in a Godel space-
time) that shields the singularity. For these solutions, all closed time-like curves are causally
disconnected from the rest of the space-time in that they exist within the velocity of light
surface, which null geodesics are unable to cross. The singularities in these solutions are
thus found to be hidden behind the velocity of light surface and so are not naked despite the
lack of an event horizon. Outside of this surface the space-time is geodesically complete,
asymptotically flat and can be arranged so as not to contain closed time-like curves at
infinity. The rest of parameter space simply yields solutions with naked singularities.
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1. Introduction

Higher dimensional gravity solutions continue to receive a lot of attention because such solu-
tions generally exhibit much richer structure and deeper physics than their four dimensional
counterparts. Amongst their most notable features is their topology. Black holes in four
dimensional space-time can only have a horizon topology of S2, enforced by the black hole
uniqueness theorem, whereas in five dimensions such a uniqueness theorem does not exist
and black holes can have a horizon topology of either S3, such as the Myers-Perry black
hole [fl], or S? x S, such as the black ring found by Emparan and Reall [B]. An example of
richer structure in higher dimensions is the black saturn configuration found by Elvang and
Figueras [fJ], which describes a black hole surrounded by a black ring; the rotations of both
objects can be chosen so that the total angular momentum is zero, leading to a solution
with the same mass and angular momentum as a five dimensional Schwarzschild solution.
In even higher dimensional space-time the horizon topology can become increasingly more
complicated and the solutions much more physically rich.

These strictly higher dimensional solutions are important for deepening our un-
derstanding of gravitational physics but they are not necessarily the low-energy
supersymmetry-preserving states of string theory that we can use to further investigate
issues in quantum gravity. However, coupling gravity to supersymmetry gives us super-
gravity solutions that can then be embedded in ten or eleven dimensional supergravity
theories which in turn may provide consistent backgrounds for string theory. In ref. [H],



Gauntlett et al. set out a prescription for generating solutions to five dimensional minimal
supergravity. The solutions fall into two classes depending on whether the Killing vector
constructed from the Killing spinor is time-like or null. There has been a large amount of
work recently generating solutions, both by the construction laid out by Gauntlett et al.
and by other means such as the Bena-Warner algorithm [f]. The BMPV (Breckenridge-
Myers-Peet-Vafa) solution of [ is constructed on a flat base space and describes an asymp-
totically flat black hole specified by a mass and two equal angular momenta and exhibits a
horizon topology of S3. Elvang et al. constructed an asymptotically flat supersymmetric
black ring solution on a flat base space specified by a mass and two independent angular
momenta [f. The supersymmetric Gédel solution in ref. [H] is also constructed on a flat
base space and is the five dimensional supersymmetric analogue of the Godel universe. Su-
persymmetric Kerr- and Schwarzschild-Godel black holes have been constructed in ref. [§].
In [d], Tomizawa et al. used the Eguchi-Hanson space to construct a supersymmetric black
ring solution specified by a mass and two equal angular momenta. In [I(, [[1] Gauntlett
and Gutowski constructed supersymmetric analogues to the black saturn configuration;
their solutions describe concentric black rings with an optional black hole at the common
center. In [[J] Bena and Kraus used the Taub-NUT base space to construct a black ring
solution that is specified by three charges and three dipole moments.

In the present paper we use the construction described by Gauntlett et al. in ref. @]
using the Atiyah-Hitchin metric as our hyper-Kéahler base space. If the base space used
admits a Gibbons-Hawking form then the solution is generated by a series of source func-
tions harmonic on the base. Unlike the other four dimensional hyper-Kéhler metrics (i.e.
the flat, Taub-NUT and Eguchi-Hanson spaces) the Atiyah-Hitchin metric cannot be put
into a Gibbons-Hawking form and so we must resort to other means. For simplicity we
choose all the metric functions to only be functions of the radial coordinate and the solu-
tion so constructed is generated by two first-order differential equations and one Poisson
equation on the base. Although the Atiyah-Hitchin metric depends on the radial coordi-
nate through elliptic integral functions, remarkably Bena et. al. were able to solve the
supergravity equations analytically via a judicious choice of radial coordinate [[J . We
employ these results along with a different ansatz for the 1-form connection to construct
and analyze a new solution. Based on the properties of this solution we show that for
most of the parameter space, our space-time describes a region of closed time-like curves
which surrounds either a naked singularity or a singular solitonic boundary and which is
causally disconnected from the rest of the space-time where observers live. There is a set
of parameter space of measure zero for which such singularities are not so shielded.

This solution seems to be a new type of causal structure similar to, yet importantly
distinct from, Godel and black hole-Godel solutions. In such solutions the closed time-like
curves exist outside of a certain region and hence extend to asymptotic infinity. In our
solution the closed time-like curves exist within an impenetrable bounded region, causally
disconnecting the pathological region from the rest of the space-time, which includes a flat
asymptotic infinity. It seems, then, that the solution presented here has the potential to
lead to a well defined holographic dual description (provided such a description exists),
free of pathologies, despite the closed time-like curves present in the bulk. This last issue



is perhaps the most tantalizing aspect of our solution and merits further investigation; a
discussion of this is postponed until section [

This paper begins in section P| with a very brief review of the solution generating
technique for five dimensional minimal supergravity outlined by Gauntlett et al. in ref. [H].
In section [J we provide an overview of the Atiyah-Hitchin metric as well as a brief discussion
of its key features. We go on in section ] to solve the equations of five dimensional minimal
supergravity using the Atiyah-Hitchin metric as the base space. In section fl1 we give
analytic expressions for the solution near the center of the space-time and at asymptotic
infinity, as well as provide plots of the solution for the rest of the space-time. In section [§.2
we analyze the space-time and discuss the generic properties of our solution. We conclude
in section [ with a summary of our solution and a discussion of the various issues raised
throughout the paper as well as possible future research directions.

2. Generating solutions to 5D minimal supergravity

Here we briefly outline the key aspects of the solution generating technique for five dimen-
sional minimal supergravity in order to make our paper more or less self contained; for a
complete description the reader is referred to ref. [ff]. The bosonic sector of five dimensional
minimal supergravity is governed by the same action as Einstein-Maxwell theory with an
additional Chern-Simons term

1 1 1 2

where G is the five dimensional Newton’s constant, x denotes the Hodge dual operator and
F = dA is the field strength. The solutions to the equations of motion of this action are
supersymmetric if they admit a Killing spinor from which a real scalar, ¢, real 1-form, V|,

(@b) are constructed. The solutions are classified according

and three complex 2-forms, ®
to whether V, which is also a Killing vector and satisfies V,V* = —¢?, is time-like or
null. We shall only focus on the time-like case here. It is further assumed, without loss of
generality, that ¢ > 0 so as to avoid V' becoming null; the case of ¢ < 0 has modifications
to what follows but the resulting solution is the same in both cases.

If we introduce coordinates such that V%0, = 9/0t then the metric can be written

locally as
ds® = —H 2(dt + w)? + Hhyppda™dz" (2.2)

where we introduce the scalar H = ¢~' for convenience and w is a 1-form connection.
The metric Hhy,, is obtained by projecting the full metric perpendicular to the orbits of
V< and furthermore h,,, must be hyper-Kéahler with a positive orientation chosen so that
the hyper-Kahler structures (related to the ®(@)) are anti-self-dual. We will thus denote
hpndx™dx™ = ds%3 where the base space, B, is endowed with a hyper-Kéahler metric.

We next define

e = g 1(dt + w) (2.3)



so that if o defines the proper positive orientation on B then e? A o will define a positive
orientation on the five dimensional space-time. With this definition, the form for F is
1

V3
7de0 — ﬁ(ﬁ (2.4)

where GT is a self dual 2-form on B defined via

F=

-1

H

Here x4 denotes the Hodge dual on the four dimensional space B.
The Bianchi identity and the equation of motion for F respectively give

dGT =0 (2.6)
AH = g((ﬁ)? (2.7)

where )
A =—08i(+/99" ;) (2.8)

V9
is the Laplacian operator on the base space. The consequence of eq. (-§) is that we can
write GT = adf2, where « is a constant and € is a 1-form.

If the base space admits a triholomorphic Killing vector field then its metric can be put
into Gibbons-Hawking form and the five dimensional supergravity solutions are generated
by four arbitrary functions harmonic on the base if Gt = 0 or three if GT # 0. An
example of a hyper-Kéhler base space which admits a triholomorphic Killing vector field
is the Eguchi-Hanson space and in ref. [J]] Tomizawa et al. constructed a supersymmetric
black ring on this space exploiting its Gibbons-Hawking form. The Atiyah-Hitchin space,
however, does not admit a Gibbons-Hawking metric and so we must grind through the
machinery of this section to obtain our solution.

3. The Atiyah-Hitchin space

The dynamics of two non-relativistic BPS (Bogomol'nyi-Prasad-Sommerfield) monopoles
is described by a manifold M which has the product structure

St x M

=R?
M X Z,

(3.1)
where a point in R? x S denotes the centre of mass of the system and a time-varying
phase angle that determines the total electric charge, while a point in M specifies the
monopole separation and a relative phase angle. The four dimensional manifold, M, is
invariant under SO(3) and can be parameterised by a radial coordinate r, roughly giving

the separation of the monopoles, and Euler angles 0, ¢ and v with ranges 0 < 6 < m,
0<¢<2r,and 0 < < 2.



We introduce a basis for SO(3) via the left invariant Maurer-Cartan 1-forms, which
are related to the Euler angles through the relations

off = —sintpdf + cos v sin Hd¢
oft = cos1pdf + sin 1 sin Ode (3.2)
oft = dip + cos 0dg

and which have the property

1
do = §aijka§z Aok, (3.3)

For convenience, in further discussion we drop the superscript R. In terms of these 1-forms,
the flat metric on R?* is given by ds?> = dR? + %2(012 + 092 + 03?), the metric on a unit
radius S is given by dQ3% = 4(012 + 022 + 03%) and the metric on a unit radius S? is
given by dQs? = 012 4 092, The metric on M, known as the Atiyah-Hitchin metric, can be
written in the explicitly SO(3) invariant form

ds® = f2(r)dr® + a*(r)o1? + b2 (r)oe? + & (r)os?. (3.4)

As shown in [[[§] the above metric satisfies the vacuum Einstein equations and is self dual,
which in four dimensions ensures it is hyper-Kéhler, if a(r), b(r), and c(r) satisfy the
differential equations

d oy g (B0) = e(r)? —a’(r)
a7 =IO e

plus the two equations obtained by cyclically permuting a(r), b(r), and ¢(r). As can be

(3.5)

easily verified, if we impose a(r) = b(r) = ¢(r) then the constraint equations yield the flat
metric on R* given above. Similarly, it can easily be checked that choosing any two of
a(r), b(r) and c(r) being equal (for example a(r) = b(r) # c(r)) the resulting metric is the
Fuclidean Taub-NUT metric. Imposing the condition that none of the functions are equal
yields the Atiyah-Hitchin metric.

The function f(r) defines the radial coordinate and hence we are able to freely choose
its form. In ref. [[], Atiyah and Hitchin used f(r) = a(r)b(r)c(r) to obtain the original
form of their solution. If we instead take f(r) = —b(r)/r then the solution simplifies. We
set

r=2nK (sin(%)) (3.6)

where K(k), and E(k) encountered shortly, are the complete elliptic integrals of the first
and second kind respectively

w/2
K(k) = /0 W (3.7)

1—k2sin’y

/2
E(k) = / \/ 1 — kZsin? ydy. (3.8)
0

As ~y takes value in the range [0, 7], r takes on values in the range [n7, 00). If we now define

wi(r) = b(r)e(r), wa(r) = e(r)a(r), ws(r) = a(r)b(r) (3.9)



as well as

_dr _ 2nE (sm(%)) nK (sin(3)) cos(3)

Y(r)= & S0 () (3.10)
then the solutions for w(r), wa(r) and ws(r) are given by
wy(r) = —rY(r)sin(y) — r cos2(%)
wa(r) = —rY(r)sin(y) (3.11)
w3 (r) = —rY(r)sin(y) + r sinz(%).

We could in principle substitute eq. (B.) in the above expressions to get functions only
dependent upon v since we cannot invert eq. (B.]) to get an explicit solution for (). For
numerical computations it is simpler to work in terms of the coordinate

T = sin <1>
2

In performing analysis of the structure of space-time (and various physical observables)

(3.12)

near the points r = nm and r — oo it is easiest to work in terms of r by inverting ~(r) via
a Taylor expansion. We thus will not worry about the implicit dependence on r in what
follows. The metric functions a(r), b(r), and c(r), obtained by solving (B.9) and (B.11),
take the explicit form

Y () sin rsin?(1) — Y(r) sin
" ¢ - (7)5 D+ (2()7“)85157)) & &1
rcos?(Z sin(7y rsin?(2) — Y(r)sin
b(r) = \/( (3) + (i)) 1(( : (3) = T(r) (7)) (3.14)
_ rY(r)sin(y )(7‘0082(1) T(r )sin(’y))
elr) = _\/ rsin®(3) — Tz(r) sin(7y) ' (3.15)

Plots of these functions are given in figure [.
Z(1 4 1k?) and E(k) ~ Z(1 — 1k?) valid near k = 0
can be used to obtain approximate forms for the metric functions near r = n

The Taylor expansions K (k) ~

a(r) = 2(r — nr) (1 B m)2)>

dnm

b(r) = nm <1 + ZL(T —nm)+ O((r — n7r)2)> (3.16)

nm

o(r) = —nm (1 - %(r )+ O((r n7r)2)> .

We make note of the fact that a(r) — 0 as r — nm and we can get a better picture of what
this means if we rotate our axes such that

o1 = dip + cos 0d¢
09 = —sindf + cos ¢ sin Od¢ (3.17)
03 = COS TZJdé + sin 4 sin 9~dq~5
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Figure 1: The metric functions a(r) (red), b(r) (orange) and c¢(r) (green) plotted as functions of
the variable = defined in eq. (B.13). Notice that a(r) and b(r) asymptote to the same curve for large
r (i.e. x — 1) while ¢(r) approaches a constant. In the opposite limit of r — n7 (i.e. x — 0) we
have a(r) — 0 while b(r) and ¢(r) approach the same (but opposite sign) constant value. These

behaviours are explicitly shown in eqs. (B.16)) and (B-19).

Using these rotated axes along with the leading order approximations of (B.1f) the metric
near r = nw becomes

ds? =~ dr® 4+ 4(r — nm)?(d + cos 0dp)? + (nm)*(dh?* + sin® 0d¢?). (3.18)

The third term is the metric on a two-sphere of radius nmw while the second term vanishes
at 7 = nm. The three dimensional SO(3) orbit collapses to a two-sphere of radius nm at
r = nm and so the center of the Atiyah-Hitchin metric is a Bolt. In the monopole picture,
the Bolt corresponds to when the monopoles coincide [[7].

The opposite limit (corresponding to large monopole separation) is that of r — co. In
this limit the metric functions a(r), b(r), and ¢(r) become

r/1—=2n/r 4+ O(e™"/™)
/1 —=2n/r +O(e™"/™) (3.19)

on O/

\/1—271/7‘ "

a(r)
b(r)
o(r)



and the metric (B.4) reduces to
2 2n 2,202 | 2 520 g2 2 2n\ ! 2
ds*~ (1— - (dr® 4+ r=df* 4+ r°sin” 0dop~) +4n° | 1 — - (dip 4 cosBdgp)=. (3.20)

Note that this is none other than the Euclidean Taub-NUT metric with NUT charge
N = —n; asymptotically the Atiyah-Hitchin metric describes a Taub-NUT space with
negative NUT charge. This is not surprising since at asymptotic infinity we have a(r) = b(r)
and we noted previously that if any two of the metric functions are equal the constraint
equations determine the resulting metric to be Taub-NUT.

The last items necessary for our analysis are the positive orientation and the volume
element of the Atiyah-Hitchin metric. The orientation of the base space must be such that
the hyper-Kahler 2-forms are anti-self-dual. Such a positive orientation for Taub-NUT is
given by Ndr A o1 A o3 A 03 where N is the NUT charge [l]. Since the Atiyah-Hitchin
metric is asymptotically Taub-NUT with negative NUT charge, we establish the vierbein

e’ = —f(r)dr, el =a(r)oy, (3.21)
e’ = b(r)oy, e® = ¢(r)os,

so that positive orientation is given by the volume 4-form vol(g) = e” Ae! Ae? Ae3. After
expanding in terms of 7,60, ¢ and v this becomes vol(g) = f(r)a(r)b(r)c(r) sin @dr A df A
d¢ N dy from which we immediately see that

Vg = f(r)a(r)b(r)c(r)sin 6. (3.22)

4. SUSY solution with an Atiyah-Hitchin base

We are now equipped with the tools necessary to generate five dimensional supergravity
solutions on an Atiyah-Hitchin base. Unlike the other hyper-Kahler metrics the Atiyah-
Hitchin metric is rather complicated in its dependence upon the radial coordinate. The first
subsection here is devoted to finding the differential equations that must be obeyed in order
to produce valid solutions and gives the results found by Bena et al. [[3] in more convenient
coordinates for our analysis. It also contains approximate forms of the solutions to these
differential equations in the limits » ~ nm and r — oco. We make note of the fact that we
are explicitly choosing H to be a function of r only since it satisfies Poisson’s equation on
the base and is not separable when it is also a function of angle. More solutions with an
Atiyah-Hitchin base space exist, corresponding to other choices of H, but such solutions
are not studied here.

4.1 Finding the equations and their asymptotes
First we seek a solution for G = adQ which also satisfies eq. (R.§). We thus have to
choose a suitable ansatz for both the 1-forms w and €; following [lf] we consider
w = Y(r)os (4.1)
Q = h(T)O’g



where W(r) and h(r) are arbitrary functions. Eq. ([.J) along with G* = ad2 gives

—W(r) h(r)
G =nyxo ( e"ned + el ne? 4.3
Fer) ) )
where xo = «/n is a dimensionless constant and a prime denotes differentiation with respect

to r. The self-duality of GT requires that we must have f_(qfl)/c((?) = a(ff)(zgr) and hence h(r)

)= o [ L) »

In ref. (3], Bena et al. choose the radial coordinate, 7, such that f(n) = a(n)b(n)c(n),

which is related to our radial coordinate, r, by n = — [ m(fﬁ. Their analytic solution

is given by

for h(n), re-expressed in terms of r, is given by

r?sin (%)
a(r)b(r)

where we have imposed h(r — 0o) = 1 since any constant factors can be absorbed into xj.

A plot of eq. ([.5) is plotted in figure [ to demonstrate its behaviour. We can now write
G explicitly as

h(r) = (4.5)

+_p h(T) e’ Ned - el Ae?
G™ =nxo <7a(r)b(r)> (e"Ne’+e Ae). (4.6)

With this solution for Gt we can use eq. (R.7) to find the differential equation for
H(r):

1 ) . 8 h(r) 2
; b 0590 H = ~n2y2 . (4.

Frar bt smg o arbrelr)sinbg 0 H(r)) = Gnxo <a(r)b(r)> 1)
Since H = H(r) and g,; = 0 unless j = 7 the only non zero terms in the Laplacian are
i =7 =r and we find

A (a(r)b(r)e(r) dH(r)\ _ §n2 2 (12(r f(r)e(r)
dr < f(r) dr ) 9 X0 (h ( )a(r)b(r)>' (4.8)

From ({4) we have h2(r) ﬁg:;gé:)) = —1L(h%(r)) so the first integration is trivial. The

second order differential equation thus reduces to a first order equation and the solution is

) =8 — n2 f(r)dr —én2 2 hz(r)f(r)dr
H(r)=2o A/ a(Mb(r)e() 9" X / a(M)b(r)e(r) (4.9)

where A and ¢ are dimensionless constants of integration. In [1J] it is shown that

given by

i (8712)2 B f(r) 222,
dr <a(7’)b(v~)> B a(?‘)b(r)c(r)((g )" —4h*(r)) (4.10)

so the last term in ([.9) can be integrated exactly, giving

f(r)dr n?y?
a(rb(re(r)  a(rb(r)

H(r)=6— n2,u/ (4.11)



25
20
154

()

10

Figure 2: The behaviour of h(r) in terms of the variable z defined via eq. (B.12).

where i = A\+x? and y = % Xo- The integral above we can recognize as n(r) but it cannot
be written in an analytic form; in [L3]| 7 is also written in terms of an integral of elliptic
functions and there is no obvious way to obtain an analytic expression in terms of known
functions. This term is easy to numerically integrate, however, and plots corresponding to
various choices of parameters are given in figure fJ. For ease of notation, we will write n(r)
instead of the integral representation in what follows.

The only thing left to find is w; using the ansatz ([L.1]) we have

—0'(r)

w=-——"e"Nel+ —~ el ne? .
W= e N (412
wid = ) 12 Y s
= e T
In accord with eq. (B-5) we conclude that
+ Hr) [ =(r) (r) e A&t el Ao
6" =5 (755 * i) € AT et ae) (419)

and comparing this equation with (f.4) we find the ordinary differential equation that W(r)

H'(r) ( =¥'(r) U(r) _ 3nx h(r)
<f(7’)c(r) + a(r)b(r)> T 872 <a(7‘)b(r)> (4.14)

must satisfy to be

— 10 —



(a) parameter choices: x = 0.1, = {10 (red), 5 (or- (b) parameter choices: p = 0, x = {2.5 (red), 2 (or-
ange), 0 (green), -5 (cyan), -10 (blue)} ange), 1.5 (green), 1 (cyan), 0.5 (blue)}

8 -

(c) parameter choices: x = 0, u = {10 (red), 5 (or-
ange), 0 (green), -5 (cyan), -10 (blue)}

Figure 3: The behaviour of H(r) for the specified choices of parameters. Note that H(r) can
become negative: this point will be interpreted and expanded on later.

which we can manipulate into a more digestible form. Rearranging, multiplying both sides
by h(r) and integrating we find

BB (r) = nt + 52X / H)-L (h2(r))dr (4.15)

where ¢ is a dimensionless constant of integration. The above integrand can be solved

— 11 —



analytically, which is more apparent if we change coordinates from 7 to 1 and break up the
integrand as follows:

ol 3nx n d 922 ) o
W) = g + s | [ O e g 0 @)dn =20t [ 2] o)

The first integrand can be integrated by parts (and converted back to r) to yield:

/ (6 —n*un) d%(hz(n))dn = (0= n?un) h*(n) +n’p / h* (n)dn

= —TL2 T 2 T 7T4n2 T —71 .
= (5= () 12(0) + 1652 () — o) (4D

where in the second step we have again used the result ([.1(J). The second integrand
of (.19) is found in [[J] to have the solution (after converting back to r)

) o __8_774 2¢2(r) _b(T)C(T)—I-CL(T)c(T)
o =55 (s~ ) 09

so the full solution for ¥(r) takes the form

n n 7T2n3
W(r) = o4 20() 5 - () + T () - )

h(r) = 8w )b(r)
2¢%(r) — c(r)(a(r) + b(r))
2m?n3y 4.1
et (S 19
A plot of % for various choices of parameters is given in figure

With the equations for h(r), H(r) and ¥(r) we can find their forms near r = nm; using
the approximations (B.16]) we find

h(r) =~ <% — 1>_1/2 (

/N

nm

T )1/2> (4.20)

n(r) ~ —% + ﬁ In (% —21> +0 (% — 1) (4.21)

HE) ~ P—ﬁln(%— )+ (1) +o((= 1) 422)
—3/2 -1/2

)T ) e

(g o) () o (G5-0"),

Here I' = § + 4182 _ X—22 Similarly using the approximations (B.19), we find to leading

order the large-r appr(i:imations to be
hr) ~ 1+ 27” (4.24)
n(r) ~ %2771 (4.25)
H(r) ~ 6 + %2771 + XZ <2T"> (4.26)
\I'T(:) ~ <£+ ‘Z%) + (‘;’% - 5’2": (167% — )> 27" (4.27)

— 12 —



We make note of the fact that no matter the values of x and u, the asymptotic value of
H(r) is always 6, whose value we can fix by requiring g4 — —1 as » — oo and hence we
have § = 1.

To summarize, in this subsection we have found the differential equations that h(r),
H(r) and ¥(r) must satisfy in order to give a five-dimensional supersymmetric solution
on an Atiyah-Hitchin base space. We have used the exact solutions found in ref. [[[J] and
we have found Taylor series expansions to these equations in both the small-r and large-r
limits. A fully explicit analytic solution for arbitrary r is intractable because 7(r) is defined
as an integral of elliptic functions and it is currently unknown whether it has an analytic
form. Fortunately this is unimportant since a large amount of information can be derived
from the form of the solution with only qualitative knowledge about the these functions.
The next subsection is devoted to such an approach.

4.2 Generic properties of the solutions
4.2.1 The forms of the metric

The full five dimensional metric takes the explicit form

ds® = _H%(r) (dt + U (r)o3)? + H(r) (f2(7‘)d7‘2 +a®(r)or? + b3 (r)oo® + A(r)os?) (4.28)

which, for convenience can also be written in the expanded form

ds? = — H21(r) dt? — 252((72) dtos +G(r)os® + H(r)(f?(r)dr? + a®(r)o1? + b*(r)op?) (4.29)
where o2
G(r) = H(r)c*(r) H2((77:)) (4.30)

We also write down the lapse-shift form of the metric:

2 2 2 (r ? 2 2 2 2 2 2
ds® = —N*(r)dt* + G(r) <03 — Wdt) + H(r)(f*(r)dr* + a*(r)o1” + b°(r)o2”)
(4.31)
where
9, v 1 W2 (r) B c2(r)
N0 = 736 (1 w0607 = H0 (432

is the lapse function.

4.2.2 Regions with closed time-like curves

From the metric form of (£.29) we can see that something special happens when G(r)
becomes negative since gy, also turns negative. Although 9, is not a Killing vector of the
full metric, by examining a congruence of null geodesics we show that the region where
G(r) < 0 is one where closed time-like curves (CTCs) are indeed present. We start by
considering the tangent vector to null geodesics

k®y = 10y + 70, + 00 + $Dg + 0y (4.33)
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(a) parameter choices: p = 0, x = 0, j = {2 (b) parameter choices: p =0, j =0, x = {0.5
} (red), 0.4 (orange), 0.3 (green), 0.2 (cyan), 0.1
(blue)}

(red), 1 (orange), -1 (green), -2 (blue)

(c) parameter choices: u =1, x = 0.1, j = {2
(red), 1 (orange), 0 (green), -1 (cyan), -2 (blue)}

Figure 4: Plots of % for the specified choices of parameters, where j = ¢ + 83%; these three
plots show the generic behaviour of ¥(r). In plots (a) and (c), ¥(r) is bounded between the red
and blue curves as is explained later. Plot (c¢) shows the most interesting behavior: because ¥(r)
can go from positive values to negative values at some radius R; the direction of frame dragging in
the space-time is different on each side of R.

where a dot refers to differentiation with respect to the affine parameter, \. We also
consider the following four Killing vectors of the full five dimensional metric

§t) O = O
§(¢) 0o = (4.34)
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cos ¢

f(l)aaa = sin (;569 + cot 0 cos ¢6¢ — sind (0
o . sin ¢
§(2)" 00 = cos g0y — cot O sin ¢pJy, + o Oy -

The conserved energy and angular momenta associated with these Killing vectors are
—E = é(t)akaa L¢ = £(¢)ak’a7 Ll = g(l)akaa L2 == 6(2)05]{7& (435)

We wish to study geodesics which are locally non-rotating and hence we choose Ly = L1 =
Lo = 0 which implies § = ¢ = 0. We can therefore consider the effective metric on the
(t,r,1) hypersurface given by

L2 oY) a4 Grydu? + HOr) £2(r)dr. (4.36)

B == )

In this effective metric, 0y, is a Killing vector. When G(r) < 0, we have 9, becoming time-
like and it is for this reason that the surface defined by G(r) = 0 is a boundary beyond
which CTCs are present. This boundary, commonly denoted the welocity of light surface
in the literature, will hereafter be labeled r¢.. Furthermore, we are only concerned with
cases where 7. > nm so that the velocity of light surface falls within our coordinate range.

The metric (1.36) can possibly cause some confusion about what it means when G(r) <
0. If we take t=constant slices and y=constant slices, each time we are left with a time-like
hypersurface provided G(r) < 0 so we might be tempted to conclude that there are two
time-like directions in this region. This is nothing more than a coordinate artifact as the
determinant of the metric, det(g) = —f2(r)c?(r), does not change sign. Furthermore we
can make the coordinate transformation

T=t+ \Il(rctc)w (437)

so that the metric takes the form

ds* = (AT + (U (r) = U (ree))d)? + H(r)c*(r)dy?® + H(r) f2(r)dr?.  (4.38)

1
H2(r)
In the vicinity of G(r) = 0 (i.e. 7 = rete), if we take T=constant slices we are left with a
space-like metric while taking @y=constant slices yields a time-like one. This T coordinate
gets rid of the confusion caused by the ¢ coordinate but it is inconvenient to work with so
we will no longer use it in further analysis.

Utilizing the remaining constraints of (1.34), as well as the property that k¢ is null,
we find the tangent vector to our family of null geodesics to be given by

HEG), . VI, | W)
2() @im%m@+HM@m%> 39

where + and — represent outgoing and ingoing geodesics respectively and E1 are chosen

ki a:E:I:<

so that k4“k_, = —1. Upon making the convenient choice E_ = 1, this normalization
implies that at some radius, 7,

02(T0)

Es = S0 tr)60)

(4.40)
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At the velocity of light surface we have % = + o(r)

dt F(r)H(r)\/G(r) — o0 and we also have

) g/
O = (a(r)f(r) g<r>) b ()

where a prime denotes differentiation with respect to r. In a neighbourhood of r., G'(r) >
0 is well behaved and hence the expansions are infinite there. This shows that the ingoing
congruence is converging into a caustic and the outgoing congruence is diverging from a
caustic at rete.

We can further see that null geodesics are unable to cross the velocity of light surface
if we look at the null congruence as a limiting case of a time-like congruence. Suppose now
that instead of a vector field k% tangent to null geodesics we have a vector field u® which
is tangent to time-like geodesics. We still wish to find locally non-rotating solutions so just
as before we set Ly = L1 = Lo = 0 and we can again consider the effective metric on the
(t,r, ) plane. The only difference between u® and our previous &% will be in 7 because of
the different normalization conditions for null and time-like tangent vectors. We find the
normalized tangent vector to be

HE)G), | EEHNGE) &0 ()
20 T amrmvEs. P EDEW

where F > 0 is the energy per unit rest mass of the particle on the geodesic. We can

immediately read off % and %, which are given by

uiaaa =F

By (4.42)

i JPHNEH = &0) o
T A fVED

dr o) ETHG0) — &)

PR J TV YTt (4.44)

and we note that since H(r) is necessarily positive when G(r) is positive, we have a radius,
Ttp > Tete, Such that /E2H (ryp)G(ryp) — 2(rp) = 0. We thus have both % and %
vanishing before the particle reaches r., signaling a turning point in the trajectory. The

limit to null geodesics is £ — oo and since there is a turning point for all time-like geodesics
we see that the velocity of light surface is a turning point for null geodesics. This merits
further discussion.

This impenetrable velocity of light surface is directly analogous to what appears in the
Godel space-times [[§—R( and the solutions describing black holes embedded in a Gédel
space-time [§, 1 -R3], hereafter called BH-Gd6del solutions. There are, however, a few very
important distinctions that should be pointed out. The first is that the Godel solutions are
homogeneous, meaning that the existence of CTCs outside of the velocity of light surface
implies there exist CTCs through every point in the space-time. Our solution, on the other
hand, is not homogeneous because the Atiyah-Hitchin bolt imposes the notion of a center
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(a) parameter choices: p =3, x = 0.1, j = {2 (red), (b) parameter choices: p =4, x = 0.1, j = {2 (red),
1 (orange), 0 (green), -1 (cyan), -2 (blue)} 1 (orange), 0 (green), -1 (cyan), -2 (blue)}

-10 -

(c¢) parameter choices: =2, x = 2/9, j = {2 (red), (d) parameter choices: u =0, j =0, x = {0.5 (red),
1 (orange), 0 (green), -1 (cyan), -2 (blue)} 0.4 (orange), 0.3 (green), 0.2 (cyan), 0.1 (blue)}

Figure 5: Plots of G(r) for the specified choices of parameters, where j = £ + 83%. All four plots
demonstrate that there exists at least one radius, 7etc, at which G(r) changes sign. Plot (d) shows
that if 4 = j = 0 then there is only one such radius whereas plots (a)-(c) show that there may
be multiple such radii in general. Furthermore, plot (¢) shows that there are certain choices of
parameters (in this case the green curve) for which both G(r) and G’(r) vanish at some radius re,is.

This surface is similar to the velocity of light surface except that it takes infinite affine parameter
to reach.

to the space-time. This is similar to the broken homogeneity of the BH-Gdodel solutions
in which the black hole defines the center. The second distinction is that our solution
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describes an inverted Godel-like solution in the sense that the space-time constructed here
contains no CTCs for 7 > 7, as can clearly be seen from figure fl. The Gdodel solutions
are CTC-free for r < 7. and the BH-Godel solutions are CTC-free for rg < r < Tete
where rp denotes the horizon of the black hole. A null ray emanating from the origin in
a Godel space-time (or the horizon in a BH-Godel space-time) travels out to the velocity
of light surface where it forms a caustic and then returns to the origin (or horizon) in
finite affine parameter [[§, [9, §. In our solution the null ray is emitted from infinity,
travels inward to the velocity of light surface where it forms a caustic and then returns to
inﬁnity This process is also done in finite affine parameter as can be seen by integrating

=xF f\(/T) in the vicinity of ret.. It is sufficient to show that the null ray can travel
from some rq, slightly greater than rei., to 79 = ree in finite affine parameter since for
r > Tt the null ray can usually travel between any two points in finite affine parameter
(the only exception is pointed out below). It should be noted that traveling from infinity to
some finite value of r always happens in infinite affine parameter but this type of infinity
is simply associated with an infinite distance the null rays have to travel and hence is not

of interest to us. We start by Taylor expanding f(r), ¢(r) and G(r) around r = 7¢tc:

f(’r) ~ f(’r'ctc) + f/(rctc)(r - rctc) (445)
C(T) (Tctc) +c (Tctc)(r - Tctc) (4.46)
g(T) ~ g (Tctc)(r - Tctc)- (4.47)

Next we integrate |. ;‘1 d)\ = f Tete =J (T °lr) gy and find the solution

AX— 2f(7“gt—(>r(7“)t>\/_7rt +O((r1 — reae)¥?). (4.48)

This is clearly finite since G'(rete) # 0 as can explicitly be seen in figure . We have
thus shown the desired result that null rays travel from large (but finite) r, down to rc
and back to r, in finite affine parameter. The Atiyah-Hitchin space-time that we have
constructed here, then, seems to describe a new type of Godel-like solution in which the
region absent of CTCs includes spatial infinity. We also note that the norm of the time-like
Killing vector, 0;, can be set to asymptote to unity at infinity so the coordinate time is an
appropriate one for observers at infinity.

As a caution, we point out that there are parameter choices for which G(r) = 0 and
G'(r) = 0 at some critical radius, 7t > Tete, and so we must check to see whether the
same result just derived holds for this surface as well. The only difference in the analysis

is that we replace 7¢tc by 7erit and we also now have G(r) ~ M(T = Terit)
AN ~ \/if(rcrit)c(rcrit) /TC]rit i (4.49)
g//(rcrit) r T — Terit '

which does not converge. It thus takes an infinite affine parameter for null rays to reach
the critical radius. Furthermore, on these critical surfaces the expansion scalar of the null
congruence is finite, so no caustics form and hence these surfaces are not turning points in
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the trajectory. Such surfaces causally disconnect the outer region (r > 7¢) from the inner
region (r < rqit); as the outer region is no longer geodesically complete such solutions do
not exhibit the same nice behavior as those with just a velocity of light surface.

4.2.3 Physical quantities and parameter restrictions

Using the large—r approximations for the various metric functions, the full metric as r — oo
takes the explicit form

o [, _ K20 2 B 20 2,202
ds? ~ (1 2r>dt+<1+<4 1)T>(dr + r2d05?) (4.50)
2, 2 2 M 3xJ 2 o] 2 2
+n (4 J —I—[,u—l-4—|—j <4+2>+16W2 (n(167° — 1) 8)} r>03
. 3x . 3XM 4 2n
—2 ST - 167t — 1)| = ) dtos.
n (] + [47r2 J 327T2( 67 ) . dtos

where j = ( + g’—;%. The dtos metric element approaches —nj as r — 0o so our solution
describes a space-time which is rotating at infinity provided j # 0; indeed if we consider
radial null geodesics as in eq. (.39) then Ccll—f # 0 unless j = 0. The Riemann tensor
vanishes as r — oo and our solution is asymptotically a U(1) fibration over four dimensional
Minkowski space-time; the radius of the circle parameterized by v is ny/4 — 72.

To calculate the energy and angular momenta, we choose the “natural” foliation of
the space-time by a family of space-like hypersurfaces, ¥¢, perpendicular to the orbits of
§®- In this way, it is observers who are locally non-rotating at infinity (so-called “zero
angular momentum” observers) who measure these quantities. The time-like normal to
these hypersurfaces is n® = H(r){;)* and the radial normal to the boundary, S; = 9%,
of these hypersurfaces is rodz® = /H(r)f?(r)dr. We note that 0y is asymptotically a
Killing symmetry so we use the Komar formulae:

1 .
EF = —— lim }{ —2£(t)ﬁ’an[arm\/5d9d¢d¢ (4.51)
81 r—oo Se(r)
1 .
Jow = 16, [ j{ —2€(¢>,w>ﬁ’a”[arm\/5d9d¢dw] (4.52)
T r—00 Si(r)

where /o = —/H3(r)a(r)b(r)e(r)siné is the determinant of the metric induced on S;.
From this, we find the ADM energy and angular momenta to be given by

E = 2n’np, (4.53)
3

Ty = 1%—% [167%(2 — 1) + 3xpu(167* — 1) — 24x] , (4.54)

Jy = 0. (4.55)

The total energy can be positive, negative or zero depending on the value of u. Recall that
i = A+ x? so A, which very loosely speaking plays the role of the mass of some gravitating
object, can contribute positively or negatively to the total energy while x, which plays
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the role of a Chern-Simons charge, always contributes positively to the total energy. The
solitonic solutions, which will be shown explicitly shortly, are always found to be solutions
with negative total energy. The fact that Jy = 0 is related to our previous discovery that
we can consider ¢ = 0 for null geodesics; there is no frame dragging around the ¢-axis.
We have seen that a velocity of light surface appears whenever G(r) = 0, and now we
would like to find solutions that do not possess CTCs at spatial infinity. Clearly from the
metric (f£.50), the condition we must satisfy is 4 — 42 > 0 and thus we have the restriction:

—2<j<2 (4.56)

where equality above leads to another velocity of light surface forming at spatial infinity.
From this inequality and the definition j = £ + o (recall x = %XO), we interpret xg as
being a parameter contributing to a twisting of the space-time, which is not so surprising
as its presence is a result of the Chern-Simons term in the action. When yo = 0 there is a
symmetry in the solution: under —2 < ¢ < 2 the sense of rotation depends on the sign of
£. When yq # 0 this symmetry is destroyed because of the extra rotation that xg supplies;
instead the symmetry is in the form —2 < £ + yg < 2. If we consider yg > 0 then the
restriction on £ is —(2 + xo) < ¢ < (2 — xo) but if we consider sending xo — —xo then the
restriction becomes —(2 — xo) < ¢ < (2 + xo). Changing the sign of x( thus changes the
sign of the restriction on ¢; the sign of yg determines the handedness of the extra rotation
supplied by xo-

4.2.4 Singularities and solitons

We can use the small—r approximations along with the rotated axes of (BI7) to write
down the asymptotic form of the metric near r = nmw. If x # 0 then the metric goes to

4t 2 12n 1t 1/2 -1
ds? ~ — (L — 1) a2 — 2 (L — 1) dtéy — In?mty? (L - 1) 53
nmw

2 1 9
X r r ~ ~ 3
+om (o 1) (dr2+4<m>2 (=-1) g§+<m>2<a§+gg>> (4.57)

Note that we no longer have the SO(3) orbit collapsing in dimensionality on the bolt,
which can be seen from the determinant of the metric:

det(g) = —H?(r) f2(r)a®(r)b?(r)c? (r) sin? . (4.58)

Near r = nm the determinant approaches a constant value since H(r) ~ (n—r7r — 1)_1 and
a(r) ~ (;= —1) while all of the other functions approach constant values. The “bolt”
is still a singularity because both the Kretschmann and Ricci scalars diverge there. For
instance, for y # 0 we find the Ricci scalar to leading order to be

R n2y2

(157* — 1) (i - >_1 , (4.59)

nm

for x =0, u # 0 it is given by

R~ w;ﬂ ((% - 1)2ln (% - 1)3>_1, (4.60)
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and for x = p = 0 it reduces to
2 2 r -1

RzWJrﬁ(E—l) (4.61)
We thus have a singularity at » = nz for all choices of parameters except the very specific
choice x = = j = 0. We were unable to find any solutions that exhibit an event horizon
so the curvature singularity at v = n7 is not hidden behind such a surface. However, if a
velocity of light surface is present then the singularity is always hidden behind it and so is
not truly naked.

The singularity at » = nm is not the only singularity potentially present in the space-
time; from the form of the metric given in eq. (f.2§), it is easy to see that if H(r) is
negative then the space-time attains a Euclidean signature (— — — — — ) meaning that at
some radius, ry > nm, such that H(rs) = 0, there is a solitonic boundary. The solution
generating technique outlined in section 2 is applicable as long as H(r) > 0 and globally
defined, so we are forced to constrict the range of our radial coordinate to some region
where H(r) > 0, in this case [rg, 00). If there are two radii, rg; and 74 such that rg < 759,
at which H(r) = 0, the space-time is cut off at the outermost radius, rs2. H(r) for the
Atiyah-Hitchin solution is indeed easy to make negative for some ry > nm; in examining
figure ] we can see that we can only get negative values of H(r) if we take u < 0; if x =0
any negative value of p will always yield a solitonic surface but if xy # 0 then p must
be sufficiently large and negative to produce such a surface. The surface of the soliton is
always singular, which can be seen from the Ricci scalar expanded in inverse powers of
H(r):

(P2(r)) 1 (H'(r)*\ 1 1 1

"= (srontre) o oo ) e+ () +0 () 49
where the O(H~2(r)) and O(H~(r)) terms are too lengthy to write down here and for
our purposes are not overly interesting. Near r = r; # nw, H(r) ~ H'(rs)(r — rs) while all
the other metric functions are non-zero. If we make a generic choice of parameters, then
WU(r) # 0 and the curvature diverges like (r—r5)~%. For the specific choice of x = j = 0 and
p <0, we have ¥(r) = 0 and H'(r) # 0; in this case the curvature diverges like (r —rs) =3,
which is the least singular behaviour we can obtain. For this choice of parameters there is
no rotation, meaning there is no velocity of light surface and hence the singularity is truly
naked.

We are again unable to find any event horizons present in the space-time but for generic
choices of parameters we have the singularity at H(r) = 0 shielded by the velocity of light
surface. This is because at the boundary when H(r) — 0, we must have one of three cases:
(i) G(r) — —o0 because of the —H ~2(r) dependence, (ii) G(r) < 0 if ¥(r) oc H(r) or (i)
G(r) =0 if we can arrange ¥(r) o< HP(r) where p > 1. The latter is impossible to arrange
because of the form of the solution for ¥(r) along with the behavior of the metric functions
a(r), b(r) and ¢(r). We conclude, then, that when H(r) = 0, G(r) < 0 and hence the
velocity of light surface is necessarily outside of the solitonic boundary. The only exception
to this is for x = 7 = 0 in which case ¥V (r) = 0 and there is no velocity of light surface and
hence the singularity is not shielded.
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To complete the present discussion we note that the Ricci and Kretschmann curvature
invariants are perfectly regular on the velocity of light surface, as is the field strength;
within a small vicinity of the velocity of light surface the space-time and gauge field are
smooth and well behaved. This surface, just as in the Godel solutions, is not a physical
boundary to the space-time but for all practical purposes it acts like one since the interior is
completely causally disconnected from the exterior. Because of this causal disconnectedness
from the interior along with the exterior space-time being geodesically complete, one is free
to regard the exterior of the velocity of light surface as comprising the whole space-time.

5. Discussion

We have constructed a solution to five dimensional minimal supergravity using an Atiyah-
Hitchin base space. The Atiyah-Hitchin metric does not admit a triholomorphic Killing
vector field and hence there is no Gibbons-Hawking form of the metric to be exploited.
Instead we employed the semi-analytic solutions found in [[[J] and were able to solve these
equations to leading order near the Atiyah-Hitchin bolt and at asymptotic infinity. While a
fully explicit analytic solution does not exist for arbitrary choices of the radial coordinate,
we were able to easily perform the necessary numerical integration to explicitly show the
general form of the solutions.

By considering the general form of the space-time metric and using arguments based
on the structures of the metric functions we were able to show that our solution describes
space-times in which there are singular surfaces present. Such singular surfaces are either
the original bolt from the Atiyah-Hitchin base space or a solitonic boundary where the
signature of the space-time turns Euclidean. We have found no event horizons, so the
singular surfaces are naked singularities in the usual sense. The solutions were also shown
to typically include a region of CTCs where the effective Killing vector 9y turns time-like.
The boundary of this region was found to always be at a greater radius than the singular
surface and null rays are unable to cross this boundary so the naked singularities are found
to be typically masked by this velocity of light surface. There is only a small subset of
parameter space, including y = j = 0 and g < 0, in which there is no region of CTCs and
for which the singularity is not masked but truly naked.

In our solution we have made the very specific choice of taking the scalar function H to
be a function of radial coordinate only. This is because such a choice is the easiest case to
consider; there surely are further solutions corresponding to differing choices of H. Because
of the equation that H must satisfy, namely AH (z%) = %(G+)2, unless G = 0 we would
not be able to make H a separable function of % and a completely general solution for H
would be extremely difficult to find. If GT = 0, however, then H can be made separable
and at least asymptotically a solution can be found. We predict that because a(r), b(r) and
¢(r) are nonzero everywhere except when a(r) = 0 at r = nm, if the Atiyah-Hitchin base
space does admit solutions with black holes then the potential black holes will necessarily
be extremal and H will most likely be a function of both radial and angular coordinates.
All of these issues are currently left for future work.
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It is well known that quantum particles are able to tunnel through classical barri-
ers. In the context of gravitating bodies, this phenomenon gives rise to thermodynamic
descriptions of black holes based on the emission spectra of such particles. It would be
an interesting problem to analyze whether it is possible in the space-time constructed in
this paper for quantum particles to tunnel between the classically causally disconnected
regions separated by the velocity of light surface. If such a phenomenon is possible then
the study of this space-time from a thermodynamic perspective could be explored. With
such a thermodynamic description, it would be a further interesting problem to describe
such thermodynamics in terms of a microstate counting. We leave these issues for further
consideration.

The solution constructed in this paper bears some similarity to the Gédel and BH-
Godel solutions previously constructed in [[f, [§-R0, B, B]-R3]. One key difference is that
the Godel space-time is homogeneous and so has CTCs through every point whereas our
solution does not have this property because of the existence of the bolt at » = nw. One
rather striking and interesting feature of the solution constructed herein is that unlike the
(BH-)Godel solutions the region containing closed time-like curves is contained entirely
within the bulk of the space-time and spatial infinity is seemingly free of pathologies.
It is conjectured in ref. 3] that whenever CTCs develop in the bulk, the dual CFT is
pathological and not well-defined. The idea is that the CFT metric itself develops CTCs
and we thus would not be able to make sense of a quantum field theory on a space-time with
CTCs. This argument, however, presumes space-times that possess CTCs at asymptotic
infinity so it is not surprising that the CFT should suffer pathologies. The space-time
constructed in this paper, however, does not suffer from CTCs at infinity so it would be
worthwhile to see if the same argument holds here. If there is a holographic interpretation
of our solution, it would be an interesting counter-example to study if the dual CFT were
free of pathologies.

Acknowledgments

This work was supported by the Natural Sciences and Engineering Research Council of
Canada.

References

[1] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. (NY)

172 (1936) 304

[2] R. Emparan and H.S. Reall, A rotating black ring in five dimensions, |Phys. Rev. Lett. 8§

(2002) 101101 [hep-th/0110264)].

[3] H. Elvang and P. Figueras, Black Saturn, JHEP 05 (2007) 05(] [hep-th/0701035].

[4] J.P. Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis and H.S. Reall, All supersymmetric
solutions of minimal supergravity in five dimensions, [Class. and Quant. Grav. 20 (2003) 4587
[hep-th/0209114].

— 923 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C172%2C304
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C172%2C304
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://arxiv.org/abs/hep-th/0110260
http://jhep.sissa.it/stdsearch?paper=05%282007%29050
http://arxiv.org/abs/hep-th/0701035
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C4587
http://arxiv.org/abs/hep-th/0209114

[5]

I. Bena and N.P. Warner, One ring to rule them all ... and in the darkness bind them?, |[Adv

Theor. Math. Phys. 9 (2005) 667 [hep-th/0408106].

[6]

[7]

J.C. Breckenridge, R.C. Myers, A.W. Peet and C. Vafa, D-branes and spinning black holes,
[Phys. Lett. B 391 (1997) 93 [hep-th/9602065|.

H. Elvang, R. Emparan, D. Mateos and H.S. Reall, A supersymmetric black ring,

Tett. 93 (2004) 211307 [hep-th/04070685|.

8]

E.G. Gimon and A. Hashimoto, Black holes in Gddel universes and pp-waves,

Lett. 91 (2003) 021601| [hep-th/0304181].

[9]

[10]

[11]

S. Tomizawa, H. Ishihara, M. Kimura and K. Matsuno, Supersymmetric black rings on
Eguchi-Hanson space, |Class. and Quant. Grav. 24 (2007) 5609 [prXiv:0705.1099].

J.P. Gauntlett and J.B. Gutowski, Concentric black rings, |[Phys. Rev. D 71 (2005) 025019
[hep-th/040801(].

J.P. Gauntlett and J.B. Gutowski, General concentric black rings, [Phys. Rev. D 71 (2005)

045002 [hep-th/0408124].

[12]

I. Bena and P. Kraus, Three charge supertubes and black hole hair, |Phys. Rev. D 70 (2004)

046003 [hep-th/0402144].

[13]

I. Bena, N. Bobev and N.P. Warner, Bubbles on manifolds with a U(1) isometry, JHEP 08

(2007) 004 [prXiv:0705.3641].

[14]

[15]

[16]

[17]

P. Berglund, E.G. Gimon and T.S. Levi, Supergravity microstates for BPS black holes and
black rings, JHEP 06 (2006) 007 [hep-th/0505167).

G.W. Gibbons and C.N. Pope, The positive action conjecture and asymptotically euclidean
metrics in quantum gravity, |Commun. Math. Phys. 66 (1979) 267.

M.F. Atiyah and N.J. Hitchin, Low-energy scattering of non-abelian magnetic monopoles,
[Phys. Lett. A 107 (1985) 21|.

G.W. Gibbons and N.S. Manton, Classical and Quantum Dynamics of BPS Monopoles,

Phys. B 274 (1936) 184.

[18]

[19]

[20]

K. Godel, An Example of a new type of cosmological solutions of Finstein’s field equations of
graviation, [Rev. Mod. Phys. 21 (1949) 447,

E.K. Boyda, S. Ganguli, P. Hotfava and U. Varadarajan, Holographic protection of chronology
in universes of the Godel type, [Phys. Rev. D 67 (2003) 106003 [hep-th/0212087].

T. Harmark and T. Takayanagi, Supersymmetric Godel universes in string theory,

Phys. B 662 (2003) 3 [hep-th/0301204].

[21]

R. Kerner and R.B. Mann, Tunnelling from Gédel black holes, [Phys. Rev. D 75 (2007

084022 [hep-th/0701107].

[22]

[23]

[24]

K. Behrndt and D. Klemm, Black holes in Gddel-type universes with a cosmological constant,
[Class. and Quant. Grav. 21 (2004) 4107 [hep-th/0401239].

K. Behrndt, G. Lopes Cardoso and S. Mahapatra, Exploring the relation between 4D and 5D
BPS solutions, |Nucl. Phys. B 732 (2006) 20(] [hep-th/0506251].

A M. Ghezelbash and R.B. Mann, Atiyah-Hitchin M-branes, JHEP 10 (2004) 012
[hep-th/0408189].

— 24 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://arxiv.org/abs/hep-th/0408106
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB391%2C93
http://arxiv.org/abs/hep-th/9602065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://arxiv.org/abs/hep-th/0407065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C91%2C021601
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C91%2C021601
http://arxiv.org/abs/hep-th/0304181
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C24%2C5609
http://arxiv.org/abs/0705.1098
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C025013
http://arxiv.org/abs/hep-th/0408010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045002
http://arxiv.org/abs/hep-th/0408122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C046003
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C046003
http://arxiv.org/abs/hep-th/0402144
http://jhep.sissa.it/stdsearch?paper=08%282007%29004
http://jhep.sissa.it/stdsearch?paper=08%282007%29004
http://arxiv.org/abs/0705.3641
http://jhep.sissa.it/stdsearch?paper=06%282006%29007
http://arxiv.org/abs/hep-th/0505167
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C66%2C267
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CA107%2C21
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB274%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB274%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=RMPHA%2C21%2C447
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C106003
http://arxiv.org/abs/hep-th/0212087
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB662%2C3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB662%2C3
http://arxiv.org/abs/hep-th/0301206
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C084022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C084022
http://arxiv.org/abs/hep-th/0701107
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2C4107
http://arxiv.org/abs/hep-th/0401239
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB732%2C200
http://arxiv.org/abs/hep-th/0506251
http://jhep.sissa.it/stdsearch?paper=10%282004%29012
http://arxiv.org/abs/hep-th/0408189

